The split string formalism offers a simple template apon which we can build many generalizations of Schnabl's analytic solution of open string field theory. In this paper we explore two such generalizations: one which replaces the wedge state by an arbitrary function of wedge states, and another which generalizes the solution to conformal frames other than the sliver.
Introduction
In a remarkable paper [ [1, 2, 10] and that the vacuum supports no open strings [3] , in accordance with Sen's conjectures [4] .
Given the complexity of the solution in its various forms, it is instructive to strip it down to its bare bones in the hope generalizing its structure and codifying essential lessons in the search for other solutions. As noticed by Okawa [2] perhaps the simplest expression of Schnabl's solution comes in the split string formalism [7, 8] . There, the solution can be expressed algebraically in terms of "matrix products" of three string fields K, B and c. These three fields are postulated to satisfy five simple identities eq.2.1.2. The expression,
is then guarenteed to satisfy the equations of motion for any string field F which depends only on K. For Schnabl's solution, F (K) is a wedge state, specifically the "square root" of the SL(2, R) invariant vacuum.
In this paper we investigate this basic structure in the search for generalizations of Schnabl's solution. We investigate two types of generalization: the first generalizes the choice of the field F (K), and the second searches for new realizations K, B, c such that the simple identities which make eq.1.0.1 work are still satisfied. This second generalization, we will see, is essentially equivalent to the choice of a projector and its associated conformal frame. Schnabl's solution is based on the sliver projector, the state obtained by repeated multiplication of the SL(2, R) vacuum with itself.
This paper is organized as follows. In section 2 we develop the basic framework and explain how Schnabl's solution maps between the split string formalism and the conformal field theory representation. In section 3 we generalize F (K). First we construct a one-parameter family of solutions by taking F (K) to be an arbitrary power of the vacuum; we show that these solutions are related by a particularly simple midpoint reparameterization symmetry. Second we allow F to be an arbitrary combination of wedge states. Based on the requirement that the solution have well-defined energy, we argue that such generalizations are either 1) unphysical, 2) pure gauge, or 3) Schnabl's solution or one of its reparameterizations mentioned above. In section 4, we generalize Schnabl's solution to other projector conformal frames. The major challenge here is to find a workable conformal field theory representation of these solutions. Our strategy is to define a new conformal frame, the "strip frame," where the equivalent of wedge states are described as infinite strips in the complex plane. Manipulation of the solution and calculation of the energy then proceeds in exact analogy with Schnabl's solution. We illustrate this for the butterfly projector and some of its multi-winged cousins. We end with some conclusions.
While our work was nearing completion, the paper ref. [6] appeared which has significant overlap with some of our results. We hope however that this paper offers a useful perspective on these types of generalization.
Split String Formalism
The split string formalism (SSF) is a formal approach to computations in OSFT which represents the star product as a "matrix product" of half string functionals [7, 8] . The basic idea is quite intuitive, though the concrete implementation can become quite technical. For our purposes, however, all we need is the basic philosophy: that the action of an operator on the string field Ψ can represented as star multiplication of Ψ with an appropriate state. In this way, all computations in OSFT reduce to computations of the star product ("matrix product") and the BPZ inner product ("trace"). The starting point for the SSF is the overlap condition, which states that the vertex identifies x(σ) and x(π − σ) for neighboring functionals,
and similarly for cyclic permutations. This statement may be generalized to an arbitrary local
Then the overlap condition states 1 ,
where A * is the BPZ dual of A. If A is a dimension (h,h) primary, then
The other ingredient we need is the identity string field I, which by definition satisfies,
From these facts we can prove that:
A similar argument shows that for operators acting on the right half of the string,
In this way we may represent operator action in terms of the star multiplication. Note that the above manipulations become a little delicate when A acts on the midpoint φ = i. Unless A has dimension zero, evaluating A(i, i) in the vertex yields vanishing or divergent conformal factors which can yield some surprizes.
Let us make some remarks about conventions. In our definition of the vertex eq.2.0.2 the right string half of the previous functional is identified with the left string half of the subsequent functional. Sometimes the opposite convention is used, for example in ref. [2] ; these conventions are related by a twist. Also, the left half of the string σ ∈ [0,
] is mapped to the right half semicircle e iσ in the complex plane. To avoid confusion, we will always refer to the image of the left half of the string in the complex plane as the positive side, and the image of the right as the negative side.
The only other thing we need from the SSF is notation. When writing the star product we drop the star, and when calculating the BPZ inner product we replace the bracket with a trace.
We may then manipulate fields like matrices, taking care of grassmann parity. For example,
The physical string field is grassmann odd.
Solution in the SSF
As noticed by Okawa [2] , we can construct a "split string" solution to the field equations given any three string fields,
which satisfy the following algebraic properties:
where d = Q B is the BRST operator 2 . It is then simple to show [2] that the state,
In the split string formalism one would like to express d as an inner derivation dΨ = DΨ − (−1) ǫ(Ψ) ΨD for some string field D. Formally this is possible, though there are possible troubles because d acts on the midpoint. For our purposes it is not necessary to express d as an inner derivation.
formally satisfies,
for any field F (K) which can be written purely in terms of star products of K alone. For the appropriate choice of K, B, c and F , this is in fact Schnabl's solution.
Let us see how the identities eq.2.1.2 can be explicitly realized. In general, K, B, c must take the form
where,
and v(ξ) is an arbitrary holomorphic vector field, subject to certain conditions which we will explain in a moment. The contour L is taken over the "left half" of the string, that is, along the positive semicircle connecting ξ = +i to ξ = −i (see 2.1). We will use R to denote the contour from i to −i on the negative semicircle. From these definitions and eq.2.0.6 it is straightforward to verify eq.2.1.2. For example,
where we used the fact that the identity is BRST closed. The vector field v(ξ) is subject to two conditions: reality and regularity. The reality condition follows from the requirement that K, B, c be real string fields, which in split string language means they are "self-adjoint" matrices, K † = K etc. If (and only if) this condition holds, the solution Ψ is real. For a state of the form O I, the reality condition reads,
Using eq.2.0.8 and the fact that I is real, we can write the left hand side,
Thus O must be a hermitian operator. Imposing this on eq.2.1.6 requires, Note that in our definition of c we took the ghost insertion to be precisely on the real axis.
Actually, if the insertion is taken off the real axis the identities eq.2.1.2 are still satisfied, but then c and the resulting solution would not be real.
The second condition on v(ξ) is a regularity condition: v must vanish at the midpoint,
As mentioned earlier, when representing operators as string fields in the SSF, it is best to avoid operators which act on the midpoint. Furthermore, as explained in ref. [5] , left/right decompositions of energy momentum charges vT are anomalous unless v(±i) = 0. Probably solutions which fail to satisfy eq2.1.11 are undefined.
Following the philosophy of refs. [1, 5] it is useful to think of the operator K v L as arising from the energy momentum zero mode in a nonstandard conformal frame. Let z = f (ξ) define the local coordinate for a surface state represented on the upper half plane. The energy momentum zero mode in this conformal frame is,
Its BPZ conjugate is,
Up to a proportionality we may identify,
where the subscript L denotes taking only the contour on the positive half of the unit semicircle (moving clockwise 3 ). Thus,
Notice that for real, twist invariant conformal frames,
the reality condition eq.2.1.10 is automatically satisfied. Moreover, the regularity condition eq.2.1.11 follows if
is the conformal frame for a projector [9] . Thus, the importance of projectors in Schnabl's solution is related to the fact that it can be reliably expressed in the split string formalism. In summary, we have a generic set of solutions to the string field equation, characterized by an arbitrary field F (K) and choice of projector with conformal frame f (ξ). In the rest of this paper we study the implications of these solutions.
Schnabl's solution
Though it may be possible to realize the solution Ψ in terms of a matrix or Moyal product of open string functionals, our strategy will be to map the solutions to the conformal field theory representation where it is clearer how to define Ψ in terms of correlators. In this capacity, let us review Schnabl's solution in the form eq.2.1.3 and its relation to the conformal field theory representation. Schnabl's solution corresponds to the choice,
The first equation says the solution is formulated in the sliver conformal frame [1, 9] . The second equation says that F is the square root of the SL(2, R) vacuum Ω. We also have, 
with its ends identified. Specifically,
with χ(0) the vertex operator of the state χ and f as in eq.2.2.1. The derivative of Ω α with respect to α is the proportional to the variation of the correlator with respect to the cylinder's circumfrance. Alternatively, this variation can be computed by inserting a "Hamiltonian" into the correlator which creates an infinitessimal strip of worldsheet parallel to the imaginary axis, as shown in figure2.2. Thus,
We now absorb the T into the local coordinate on the negative side of the puncture, and map back to the unit disk. The result is,
Integrating and using eq.2.0.6
To calculate the D-brane energy using Schnabl's solution, it is necessary to regulate the form eq.2.1.3 in a particular way [1] . Specifically, the solution is rewritten
where, ψ
This amounts to a truncated Taylor expansion of our previous formula, modulo the mysterious ψ N peice which vanishes when contracted with Fock space states [1, 2, 10] . In the following we will assume that this regulator is correct, regardless of the choice of F or conformal frame 4 .
Eq.2.2.9 is also convenient for translating to CFT language, since when F = Ω 1/2 the ψ ′ n s can be computed as correlators on the cylinder with particular insertions [2] . To get the insertions and their normalizations correctly, it is useful to note that for an primary operator A(φ) acting on the left side of the string,
so the operator is mapped to the positive boundary of the strip defining the wedge state. Using this equation, the operator/string field relation eq.2.0.6, and the CFT glueing prescriptions for the star product, one can rewrite the ψ ′ n s as correlators on the cylinder. Actually, we will give a slight generalization,
where we have defined the contour insertions,
hopefully not to be confused the fields K, B introduced earlier (see figure2. 
Energy: general considerations
Ultimately we are interested in calculating the energy and giving a physical interpretation of these new solutions. Thus, it's worthwhile seeing what can be said about the energy before we specify F, f and try to evaluate correlators.
Assuming the equations of motion, the action evaluated on the (regulated) solution is,
A crucial step in evaluating this comes from the realization that, for Schnabl's ψ ′ n s, the following "diagonal" sum vanishes,
Because of this, the action only recieves contributions from ψ m , Q B ψ n for large n + m, where the correlators simplify [1, 2, 10] . Furthermore, for the pure gauge solutions of [1] , the large n + m terms manifestly don't contribute, so eq.2.3.2 implies their energies vanish.
In ref.
[1], eq.2.3.2 was demonstrated by explicit evaluation of ψ ′ m , Q B ψ ′ n . As we will argue, this sum actually vanishes in general, regardless of the choice of F and conformal frame.
In principle this can be demonstrated in the split string formalism by directly invoking the identities eq.2.1.2 and OSFT axioms, but we found it difficult to construct a simple proof in this manner. Instead, we utilize an observation of Okawa [2] that Schnabl's solution can be recast in a form which is (naively) pure gauge. Define the state,
A little computation with eq.2.1.2 shows that,
Let us define a one parameter family of solutions,
The real parameter λ could be absorbed into the definition of F , but let us keep it there for convenience. Plugging in eq.2.3.4 gives,
This is in the form of a pure gauge solution, with gauge parameter
Note in particular that,
so the variation of Ψ λ with respect to λ is a gauge variation. Since by construction the action is gauge invariant, easy to show that,
But recalling eq.2.3.5 we can rewrite this as,
implying eq.2.3.2. Note that we did not need to assume anything about the solution beyond the identities eq.2.1.2 and the OSFT axioms.
Generalizing F (K)
In this section we investigate solutions based on a more general choice of F (K). For simplicity,
we will work in the sliver frame, though much of the analysis translates easily to other conformal frames.
For Schnabl's solution we found that F (K) was the square root of the vacuum. Probably the simplest generalization is to take an arbitrary power of the vacuum,
where γ ∈ [0, ∞]. From the CFT perspective, this substitution "magnifies" the strips defining the ψ ′ n s by a factor of γ. This transformation is simple enough that we relate these "magnified" solutions rather explicitly to Schnabl's original solution, as we now explain.
Let us consider, generally speaking, two wedge states with insertions related by a scaling, Φ and Φ γ . We can represent Φ as a strip − πα 2
in the complex plane, with local operators,
) with insertions,
where, z
As explained in ref. [1] , Φ can be given an explicit operator representation,
where,φ
We now consider the contraction between Φ and a Fock space state |χ =χ(0)|Ω :
Scaling the correlator by a factor of γ,
We can see Φ γ embedded in this, but unfortunately the scaled local coordinate has the wrong size to be a Fock space state. Nevertheless, this can be regarded as the contraction of Φ γ with another wedge state χ γ whose strip extends from − and with a single insertion χ ′ (0):
Let us further simplify eq.3.0.19. Note,
The last equality follows from the fact that L 0 is the dilitation generator in the sliver frame.
Thus eq.3.0.19 becomes,
Eq.3.0.20 then implies, , 5] this can be brought to the form,
Note that the operator L 0 − L * 0 is a midpoint-preserving reparameterization generator:
Therefore, all of the new solutions with F = Ω γ/2 are related to Schnabl's solution by a reparameterization. Since this is a symmetry of OSFT, it is clear that the solutions are physically equivalent. It is interesting to consider the limits γ → ∞ and γ → 0. Allowing ourselves to be extremely formal, the corresponding solutions take the form,
The first equation is the sliver state with some insertions. This suggests a relation to vacuum string field theory [11] -indeed in ref. [12] it was argued that vacuum string field theory could be derived from OSFT after an infinite midpoint reparameterization of the vacuum solution. Eq.3.0.24 gives an exact one parameter family of solutions which realize such a reparemterization precisely. The second equation Ψ 0 is an identity-based solution, though it is a little trivial because the linear and nonlinear terms seperately vanish in the equations of motion. It would be interesting to see whether other identity-based solutions could be realized as a singular reparameterization of a regular solution.
Given the importance of gauge-fixing in the original construction of the Schnabl's solution [1] , it is worth deriving the gauge conditions satisfied by the Ψ γ s. Schnabl's solution satisfies,
where B 0 is the b ghost zero mode in the sliver frame. Using the formula
we may reparameterize eq.3.0.27 to get,
Interestingly, in general the gauge condition involves both creation and annihilation modes. For the identity-based solution γ = 0 the gauge fixing operator is a star algebra derivative:
Perhaps this is related to the difficulty with numerically constructing vacuum solutions in star algebra derivative gauges, such as b 1 + b −1 . The γ → ∞ "vacuum string field theory" limit gives the condition,
This gauge also greatly simplifies computation of off-shell amplitudes, as was shown in ref. [14] .
Arbitrary F
Let us now consider what happens when we allow F to be a more general and complicated function of the field K. The central question is when such an F can be regarded as a well defined state in the OSFT Hilbert space. Our proposal is that F should be written as a kind of "Laplace transform",
where Ω t is a wedge state. This ansatz has two advantages: First, it allows us to reformulate the general solution in terms of wedge states and translate to conformal field theory. Second, it is clear that we want to avoid F (K)s whose "Laplace transform" f (t) carries support for negative t. Otherwise, the solution would involve "inverse" wedge states, which don't seem to exist as well defined states in OSFT. In fact, if we want to avoid problems with the identity it would be better if f (t) vanishes in some neighborhood of the origin. Through a reparameterization eq.3.0.24, we can then take
).
The fields Ω f satisfy some nice properties:
where f ⋆ g is the convolution product:
The identity of the convolution is a delta function, 1 ⋆ = δ(t). The general split string solution eq.2.1.3 can then be rewritten,
where all the function products in the subscript are calculated with the convolution. It should be emphasized that this is a precise definition of Ψ which can be translated into conformal field theory or any other language.
We would now like to calculate the energy of these solutions. For this purpose, it is useful to rewrite F (K) in the form,
where now g(t) has strictly positive support. As explained in section 2.3, to calculate the energy we need the inner products ψ m , Q B ψ n and, as a result of eq.2.3.2, specifically when m + n is large. Plugging in F (K), this inner product appears explicitly,
×Tr Ω 
The question is how this quantity behaves when either m or n is large. The trace factor can be calculated in the same manner as ref. [1, 2, 10] , and is well behaved as m + n → ∞.
The question is then how the function g(t) behaves as it is taken to arbitrarily high powers under convolution. If the limit is well-defined, it must converge to a projector:
For Schnabl's solution, g is the identity projector δ(t). This equation is easier to analyse by making a Fourier transform to position space g(t) → G(x) whereupon the projector condition is,
The solutions to this equation are now obvious; G(x) can be any function whose values are either zero or one. For Schnabl's solution, G(x) = 1.
Projector solutions seem to abound, but there is a hitch: In the end, we must ensure that g(t) vanishes for t < 0. In particular, because G(x) is real, its Fourier transform must satisfy g(t) = g(−t). Since g vanishes for negative t, this implies that g can only have support at t = 0
5 . This seems to fix Schnabl's g(t) = δ(t) as the unique consistent solution.
Another possibility is that we could have a solution defined by some g(t) which when taken to the infinite convolution power converged to δ(t). This is equivalent to having a G(x) which, when taken to an infinite power, converged to 1. Clearly no such G(x) exists. The number 1 is an unstable fixed point of the power mapping. This leaves solutions whose gs converge to zero under repeated convolution. Many such gs exist, for example,
where both |λ 1 | and |λ 2 | are strictly less than one. Probably such solutions are well defined, but their energy vanishes and, in light of the arguments of section 2.3, should be interpreted as pure gauge.
Generalizing Conformal Frames
In this section we investigate the second generalization of Schnabl's solution suggested by the split string formalism: generalizing the choice of vector field v(ξ), or equivalently, of a projector conformal frame f (ξ). For definiteness we will take the analogue of Schnabl's F (K),
The states Ξ α will depend on the conformal frame, and play a role analogous to the wedge states.
The Ξ α s were studied in detail by Rastelli and Zwiebach [5] , especially for special projector frames, i.e. frames whose stress energy zero modes satisfy,
for some s > 0. The sliver has s = 1 and the butterfly s = 2. Let us connect with their notation. Using, K v L I = K v R I and the identification eq.2.1.14 we have,
The form P β is found in ref. [5] .
The major challenge in dealing with these new solutions is that the CFT formulation of the Ξ α s has not been simplified to the point where it would be clear how to glue the states together and calculate inner products. In this section we illustrate our basic strategy by example for the butterfly state and briefly some of its multi-winged cousins. A related and more extensive discussion appears in ref. [6] .
The Butterfly
The butterfly projector is defined by the conformal frame,
This maps the canonocal half disk |ξ| < 1 to a region in the upper half plane bounded by the branches of the hyperbola
. The vector field v(ξ) and the operators defining the solution become,
The states Ξ α may be represented as surface states on the upper half plane µ, with a local
Also useful is the inverse map, + α, lying just outide of the butterfly local coordinate. The branches of the outer hyperbola must be sewn together. Though this is an improvement over the previous two representations, these hyperbolic regions are still somewhat awkward from the perspective of glueing. There is a related issue here: Unlike the case for the sliver, the operator K v L in the butterfly frame is not simply a "Hamiltonian" which creates an infinitessimal strip. Rather,
This suggests that we should look for another conformal frame where
T (z). We will call this the "strip frame" y = H(ξ). We want,
In other words,
This equation is easily solved in the situation at hand. The result is, That is, we square f (ξ) and divide by 2. The resulting representation is extremely simple, as shown in figure 4 .1b. The boundary of the open string is mapped to the positive real axis, and the hyperbolas are mapped to vertical lines; the positive branches are mapped above the real axis, while the negative branches are mapped below. The lower half plane is mapped to another Riemann sheet which must be sewn along the positive real axis. In this way, the states Ξ α are represented as infinite strips; the only thing which distinguishes them from wedge states is only the shape of the local coordinate 6 .
One minorly annoying aspect of the strip frame is the presence of a curvature singularity at the puncture. Because of this, inserting a vertex operator produces a vanishing or divergent factor from the conformal transformation. Of course, this singularity is fictitious since in the end we must map back to the upper half plane to calculate the correlator anyway. But to be proper, we should define the surface state in the strip frame as a limit,
where
• UHP is the surface pictured in figure 4 .1b. It is a simple excersize to express the ψ ′ n s in the strip frame, as shown in figure 4.1:
with the K, B contour insertions as in eq.2.2.14. We can easily prove the equations of motion in CFT language by the same method which works for Schnabl's solution [2] . Furthermore, it 6 We have chosen our conventions so that Ξ α always corresponds to a region of width α in the strip frame. For wedge states, the strip frame is related to the sliver frame by a factor of 2/π, so this is consistent with eq.2.2.4. is clear that the inner products ψ ′ m , Q B ψ ′ n will be the same as the sliver case, since after we cut away the local coordinates and glue the strips together we are left with a corrolator on the cylinder. Therefore, the the butterfly solution must reproduce the correct D-brane tension.
plane. Therefore, for special projectors the boundary of the local coordinate in the strip frame are straight lines. Note however that this condition is not necessary; even when the boundaries are more complicated, after we remove the local coordinate and glue the ψ ′ n s together we are still left with correlators on the cylinder, so we expect our technique to be applicable to arbitrary projector frames.
Butterflies with many wings
To give another interesting example, let us consider another class of special projector frames related to the butterfly [9, 5] :
for integer m ≥ 1 and have s = 2m. Calculating v(ξ) and the strip frame,
consistent with the general structure eq.4.1.13. We can also work out the image of the unit circle in the strip frame,
The image curves have constant real part 1/4m and so are straight lines, as expected. The interesting thing about these frames is that when θ increases over the left half of the string, the coordinate passes through infinity and over the same vertical line many times. This is a consequence of the fact that the frames are singular at multiple points on the unit circle,
where k is odd when m is odd and k is even when m is even. The appearance of many copies of the same vertical line indicates that we should think of the local coordinate in terms of multiple Riemann sheets. The states Ξ α are obtained by glueing strips of length α/2 to the branches of the boundary of the local coordinate, as shown in figure 4.2. The situation is analogous to the butterfly, only now we have "many wings."
Let us now try to make solutions in these frames. Note that when m is even, an odd thing happens: the boundary of the open string is mapped to −i∞. When constructing ψ n s we need α in the strip frame for the 6-winged butterfly m = 3. The topmost and bottom most sheets must be identified so that the arrows point in the same direction. Likewise, the middle two sheets must be identified so that the double arrows point in the same direction. This picture only shows the image of the upper half plane; there is a similar picture for the lower half plane which must be glued to the line segments representing the boundary of the open string. This gives a total of 6 complete branches.
to place c ghosts on the boundary, so this requires ghost insertions in the strip frame at −i∞. We can see a related problem in the split string formalism. When m is even v(1) = 0, so the corresponding c field is divergent. Perhaps these solutions can be regulated by temporarily relaxing reality and taking the ghosts off the real axis.
When m is odd, however, the solutions seem better. Take for example m = 3. To see the form of ψ ′ n , move all of the strips to the positive boundary of the local coordinate, so we obtain three strips of width n + 1. One strip is bisected by the open string boundary, and we place c insertions and K, B contours inside exactly as in figure 4.1. The other two strips contain the images of the unit circle for θ ∈ [ ], respectively. These strips only contain the remaining pieces of the K, B contours. Calculation of the energy of these solutions is a little less clear; to compute ψ ′ n , Q B ψ ′ n we remove the local coordinates and glue together these states to form three cylinders. Our expectation is that the extra two cylinders don't contribute to the inner product, though the matter should be considered more carefully.
Conclusion
In this paper we have explored generalizations of Schnabl's solution suggested by the split string formalism. The solutions we have found are all either pure gauge or physically equivalent to Schnabl's solution. Regrettably, we have not found any concrete evidence for multiple brane vacuua, as we had originally hoped. The only possible source of surprises are multiplelybranched projector frames, like the butterfly generalizations discussed in the last section. It is worth investigating these solutions and calculating their energies with greater care. Another worthwhile project would be to use the one parameter family of solutions eq.3.0.24 to investigate the vacuum string field theory limit, where multiple brane solutions are better understood.
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